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We discuss the relationship between the graphical amplitudes T , C, P . . . used to parameterize
nonleptonic B decay amplitudes, and matrix elements of operators in the soft-collinear effective
theory (SCET) at leading order in Λ/mb. Using the SU(3) flavor symmetry of the weak Hamiltonian
we derive all-order constraints on the Wilson coefficients of SCET operators.
There are several theoretical approaches to treating ex-
clusive non-leptonic B decays to two or more mesons. A
first class of approaches uses flavor symmetries of QCD,
in particular SU(3) [1, 2]. One then decomposes all pos-
sible amplitudes into the general set of reduced matrix
elements in SU(3), and all relative factors can then be ob-
tained from group theory. An alternative approach is the
use of so called graphical amplitudes, which are defined
by the topology of the quarks in a given diagram [3, 4, 5].
It was shown that there exists an equivalence between the
graphical amplitudes method and the SU(3) reduced ma-
trix elements [1], however a complete classification of all
possible Wick contractions is rather complex [6]. The
main complication is due to the appearance of rescat-
tering effects [7]. For example, the color-suppressed de-
cay B¯0 → D0pi0 can proceed through an intermediate
color-allowed hadronic channel B¯0 → D+pi−, followed by
strong rescattering. In many analyses dynamical assump-
tion about the sizes of the various graphical amplitudes
are made, and certain graphical amplitudes are omitted.
A second class of approaches goes beyond using fla-
vor symmetries and uses the limit mb → ∞ to sim-
plify the amplitudes. This was started with the per-
turbative QCD [8] method and the QCD factorization
approach [9], and recently an effective theory treatment
of these decays in the framework of soft collinear effective
theory (SCET) [10] was developed [12, 13]. In this let-
ter we show that there is a simple relationship between
the graphical amplitudes and matrix elements of SCET
operators, and we will prove the dynamical assumptions
usually made. The use of isospin and SU(3) symmetry
in SCET is also discussed.
The electroweak Hamiltonian mediating non-leptonic
B decays is given by the ∆B = 1 Hamiltonian, which
reads
HW =
GF√
2
[ ∑
p=u,c
λp (C1O
p
1 + C2O
p
2)− λt
10∑
i=3
CiOi
)]
,
where the CKM factor is λp = VpbV
∗
pf with f = d, s for
∆S = 0, 1 transitions, respectively. The operators O1,2
are the well known current-current operators
Op1 = (pb)V−A(fp)V−A, O
p
2 = (pβbα)V−A(fαpβ)V−A,
the operators O3−6 are known as strong penguin opera-
tors
O3,4 =
{
(fb)V−A(qq)V−A , (fβbα)V−A(qαqβ)V−A
}
,
O5,6 =
{
(fb)V−A(qq)V+A , (fβbα)V−A(qαqβ)V+A
}
,
and the remaining operators denote electroweak pen-
guin operators, whose definition can be obtained from
Ref. [14].
The graphical amplitudes are defined as follows [3, 4, 5]
• Tree amplitude T :
Operators Ou1,2 with the f quark and the u¯ quark
of operator forming a meson.
• Color suppressed amplitude C:
Operators Ou1,2 with the f quark and the spectator
quark of the B forming a meson.
• Penguin amplitudes Pu, P c, or P t:
Operators Ou1,2, O
c
1,2 with the two identical light
quarks forming a virtual loop, or contributions from
O3−6, where in all three cases the f quark ends up
in one of the light mesons.
• Annihilation amplitude A:
Operators Ou1,2 with the u and b¯ quark of operator
forming the B meson.
• Exchange amplitude E:
Operators Ou1,2 with the f and b¯ quark of operator
forming the B meson.
• Penguin annihilation amplitude PAu,c,t:
Operators Ou1,2, O
c
1,2 with the two identical light
quarks forming a virtual loop or contributions from
O3−6, with the f quark ending up in the B mesons.
• Electroweak penguin amplitudes EWT :
Operators O7−10 with the f quark and the specta-
tor quark of the B forming a meson.
• Electroweak penguin amplitudes EWC :
Operators O7−10 with the f quark and the q¯ quark
forming a meson.
• Electroweak penguin amplitudes EWP :
Operators O7−10 with the f quark and the q¯ quark
forming a virtual loop.
• Electroweak penguin amplitudes EWA,E,PA:
Operators O7−10 with the topologies identical to
the A,E, PA topologies defined above.
2All amplitudes in B →M1M2 decays (withMi being any
light meson) can be written in terms of these graphical
amplitudes. These relations are given in tabular form in
Refs. [4, 5]. The SU(3) analysis in terms of graphical am-
plitudes is often supplemented with dynamical assump-
tions about their sizes, and some graphical amplitudes
are typically neglected.
In SCET one uses the fact that the two light mesons
have large energy much larger than ΛQCD. This allows
to match the Hamiltonian given in Eq. (1) at the scale
mb onto the effective theory Hamiltonian
HW =
2GF√
2
∑
n,n¯
{∑
i
∫
[dωj ]
3
j=1ci(ωj)Q
(0)
i (ωj)
+
∑
i
∫
[dωj ]
4
j=1bi(ωj)Q
(1)
i (ωj) +Qcc¯ + . . .
}
, (1)
where c
(f)
i (ωj) and b
(f)
i (ωj) are Wilson coefficients, the
ellipses denote color-octet operators which do not con-
tribute at leading order and higher order terms in
ΛQCD/Q, Q = {mb, E}, and Qcc¯ denotes operators con-
taining a cc¯ pair. In the remainder of this paper we often
omit the dependence of the Wilson coefficients on the ωj.
In Eq. (1) the O(λ0) operators are [sum over q = u, d, s]
Q
(0)
1 =
[
u¯n,ω1 n¯/PLbv
][
f¯n¯,ω2n/PLun¯,ω3
]
, (2)
Q
(0)
2,3 =
[
f¯n,ω1 n¯/PLbv
][
u¯n¯,ω2n/PL,Run¯,ω3
]
,
Q
(0)
4 =
[
q¯n,ω1 n¯/PLbv
][
f¯n¯,ω2n/PL qn¯,ω3
]
,
where we have omitted operators which give rise to flavor-
singlet light mesons. Note that the operator Q3 is only
required if electroweak penguins are included. The effec-
tive theory operators contain collinear fields along both
n and n¯ directions [11]. Also required are operators sup-
pressed by one power of the SCET expansion parameter,
as explained in [13]. They are given by
Q
(1)
1 =
−2
mb
[
u¯n,ω1 ig /B⊥n,ω4PLbv
][
f¯n¯,ω2n/PLun¯,ω3
]
, (3)
Q
(1)
2,3 =
−2
mb
[
f¯n,ω1 ig /B⊥n,ω4PLbv
][
u¯n¯,ω2n/PL,Run¯,ω3
]
,
Q
(1)
4 =
−2
mb
[
q¯n,ω1 ig /B⊥n,ω4PLbv
][
f¯n¯,ω2n/PL qn¯,ω3
]
.
The factorization properties of SCET can be used to
simplify the matrix elements of these operators signifi-
cantly, leading to a final expression for the amplitude of
an arbitrary B →M1M2 decay [13]
A = N0
{
fM1
∫ 1
0
du dz T1J(u, z)ζ
BM2
J (z)φ
M1(u) (4)
+fM1ζ
BM2
∫ 1
0
du T1ζ(u)φ
M1(u)
}
+
{
1↔ 2
}
+λ(f)c A
M1M2
cc¯ .
Here AM1M2cc¯ = 〈M1M2|Qcc¯|B〉, N0 = GFm
2
B√
2
, the fM ’s
are decay constants of the meson M and the ζBM and
ζBMJ (z) are transition matrix elements between the initial
B meson and a final meson M . They are of the same
order in the power counting and are identical to the non-
perturbative parameters which appear in B → M form
factors [15].
The Wilson coefficients of the operators Q
(0,1)
1−4 are
given at tree level in [13]. To separate the contributions of
full theory current-current operators, QCD penguin op-
erators and electroweak penguin operators to the SCET
matching coefficients, it is convenient to write the Wilson
coefficients of the SCET operators as
ci = λuciu + λt [c
p
it + c
ew
it ]
bi = λuciu + λ
(f)
t [b
p
it + b
ew
it ] . (5)
Here cpit, b
p
it denote the terms proportional to the full the-
ory Wilson coefficients C3−6 of the QCD penguin opera-
tors, while cewit ,b
ew
it denote the terms proportional to the
full theory Wilson coefficients C7−10 of the electroweak
penguin operators. With these definitions, the tree level
Wilson coefficients are
c1u = C1+
C2
Nc
, cew1t = −
3
2
(
C10+
C9
Nc
)
c2u = C2+
C1
Nc
, cew2t = −
3
2
(
C9+
C10
Nc
)
cew3t = −
3
2
(
C7 +
C8
Nc
)
cp4t = −
(
C4 +
C3
Nc
)
, cew4t =
1
2
(
C10 +
C9
Nc
)
,
cp1t = c
p
2t = c3u = c
p
3t = c4u = 0 (6)
and
b1u = C1 +
(
1−mb
ω3
)C2
Nc
bew1t = −
3
2
[
C10 +
(
1−mb
ω3
)C9
Nc
]
b2u = C2 +
(
1−mb
ω3
)C1
Nc
bew2t = −
3
2
[
C9 +
(
1−mb
ω3
)C10
Nc
]
bew3t = −
3
2
[
C7 +
(
1−mb
ω2
)C8
Nc
]
bp4t = −C4 −
(
1−mb
ω3
)C3
Nc
bew4t =
1
2
[
C10 +
(
1−mb
ω3
)C9
Nc
]
.
bp1t = b
p
2t = b3u = b
p
3t = b4u = 0 (7)
The Wilson coefficients cp1t, c
p
2t and b
p
1t, b
p
2t vanish to all
orders in matching, since the penguin operators O3−6
transform as a 3 under flavor SU(3), while Q1,2 trans-
form as a combination of 3,6,15. A similar argument
gives c4u = b4u = 0. Chirality invariance requires that
c3u = b3u = 0 to all orders.
3The graphical amplitudes are defined by the contrac-
tions of the quark lines of the operator with the quarks in
the mesons. In QCD, this separation is difficult to define
in an unambiguous way in terms of matrix elements of
operators. SCET however allows this distinction, since
each meson consists of interpolating fields with well de-
fined collinear directions. The B meson is described by
an interpolating field of two soft quarks, while the two
light mesons are defined by interpolating fields of two
collinear quarks in different light-like directions. At lead-
ing order in SCET there are no couplings between soft
and collinear particles, or between collinear particles in
different directions. Since the four quarks in the SCET
operators in Eqs. (2) and (3) are either soft or have a
well defined collinear direction, each of them ends up in
a particular meson. Thus, the graphical amplitudes can
be defined as matrix elements of SCET operators.
The relation of the graphical amplitudes to SCET ma-
trix elements can be obtained without making use of any
flavor symmetries. While this will result in too many
graphical amplitudes to have any predictive power, it
will illustrate the identification between graphical am-
plitudes and SCET matrix elements. We will later show
how flavor symmetries can be used to reduce the set of
amplitudes. We add subscripts M1M2 to any graphical
amplitude to denote the final state of the decay. A gen-
eral amplitude defined as AM1M2 ≡ A(B → M1M2) is
then given by
AM1M2 = λu(TM1M2 + CM1M2 +AM1M2 + EM1M2
+PuM1M2 + PA
u
M1M2
)
+λc(P
c
M1M2
+ PAcM1M2)
+λt(P
t
M1M2
+ PAtM1M2 + EWM1M2) . (8)
The graphical amplitudes are defined as before, but de-
pend on the particular final state. Here EW denotes
the sum of all possible electroweak penguin amplitudes
EWT,C,P,A,E,PA.
So far the matching contributions from charming pen-
guins have not been fully worked out in SCET, thus their
effects are not included in the SCET operators Q
(0,1)
1−4 .
Thus, we make no attempt here to derive explicit results
for P cM1M2 and PA
c
M1M2
and simply leave them as un-
known parameters
P cM1M2 = A
P
ccM1M2
, PAcM1M2 = A
PA
ccM1M2
. (9)
In B → pipi decays the charming penguins appear always
in the combination APccpipi+A
PA
ccpipi
= Apipicc where A
pipi
cc is the
amplitude introduced in Ref. [13]. However, in B → Kpi
only the APccKpi amplitude contributes. We will neglect
here charming penguin effects arising from electroweak
penguins due to their small Wilson coefficients.
Next, consider the tree amplitudes T and C. Since they
originate from the current-current operators, and do not
contain a penguin contraction, the operators Q
(0,1)
4 do
not contribute. Furthermore, since the current-current
operators are multiplied by λu, only the Wilson coeffi-
cients c1u−3u and b1u−3u are required. Finally, since the
B → pipi
mode Tpipi Cpipi P
u,c,t
pipi PA
c
pipi EW
T
pipi EW
C
pipi EW
P
pipi
pi+pi− −1 0 −1 −1 0 1 −1
pi+pi0 − 1√
2
−
1√
2
0 0 1√
2
3
2
√
2
0
pi0pi0 0 −1 1 1 1 1
2
1
TABLE I: SU(2) relations for the decays B → pipi
B → Kpi
mode TKpi CKpi P
u,c,t
Kpi PA
c
Kpi EW
T
Kpi EW
C
Kpi EW
P
Kpi
K−pi+ −1 0 −1 0 0 1 −1
K−pi0 − 1√
2
−
1√
2
−
1√
2
0 1√
2
1√
2
−
1√
2
K¯0pi− 0 0 1 0 0 1
2
1
K¯0pi0 0 − 1√
2
1√
2
0 1√
2
1
2
√
2
1√
2
TABLE II: SU(2) relations for the decays B → Kpi
B → KK¯
mode TKK¯ CKK¯ P
u,c,t
KK¯
PAc
KK¯
EW T
KK¯
EWC
KK¯
EWP
KK¯
K+K− 0 0 0 −1 0 0 0
K−K0 0 0 1 0 0 1
2
1
K¯0K0 0 0 1 1 0 1
2
1
TABLE III: SU(2) relations for the decays B → KK¯
operator Q3 only receives contributions from electroweak
penguin operators in the full theory, c3u = b3u = 0. The
distinction between the T and C amplitudes is whether
the quark f forms a light meson with a u¯ quark of the
operator or with the spectator of the B meson. Since the
two collinear quarks in the n¯ direction form one meson,
while the collinear quark in the n direction combines with
the spectator of the B in the second step of matching,
the contributions to T are only from operators Q
(0,1)
1 and
those to C are from Q
(0,1)
2 . This gives
TM1M2 = N0〈M1M2|c1uQ(0)1 + b1uQ(1)1 |B〉
CM1M2 = N0〈M1M2|c2uQ(0)2 + b2uQ(1)2 |B〉 . (10)
In writing the matrix element of Q
(0,1)
i it is understood
that the definition of the matrix elements involves time-
ordered products with subleading interactions in SCET
which couple a soft to a collinear quark. For details
see [13, 15].
The other graphical amplitudes can be obtained in the
same way. Since the three light quarks of the operators
in SCET are all collinear, they can not be part of the B
meson. Thus, to leading order in SCET we find
AM1M2 = EM1M2 = PA
u,t
M1M2
= 0 . (11)
The QCD penguin contribution are from matrix elements
of the operator Q
(0,1)
4 and we find
PuM1M2 = N0〈M1M2|c4uQ
(0)
4 + b4uQ
(1)
4 |B〉
P tM1M2 = N0〈M1M2|cp4tQ
(0)
4 + b
p
4tQ
(1)
4 |B〉 . (12)
4Finally, we need the electroweak penguin amplitudes.
We find
EWTM1M2 = N0〈M1M2|
∑
j=2,3
cewjt Q
(0)
j + b
ew
jt Q
(1)
j |B〉
EWCM1M2 = N0〈M1M2|(cew1t /3)(3Q
(0)
1 −Q(0)4 )
+(bew1t /3)(3Q
(1)
1 −Q(1)4 )|B〉
EWPM1M2 = N0〈M1M2|(cew4t + cew1t /3)Q
(0)
4
+(bew4t + b
ew
1t /3)Q
(1)
4 |B〉 , (13)
and at leading order
EWAM1M2 = EW
E
M1M2
= EWPAM1M2 = 0 . (14)
So far our results for the graphical amplitudes have
been general, and no symmetry assumption has been
made. Since the number of graphical amplitudes is larger
than the number of decay modes, there is no predictive
power. We start by assuming isospin symmetry. This
gives a reduction in the number of amplitudes, which are
labeled by the isospin content of the final state M1M2.
For example, all modes with two pions in the final state
have graphical amplitudes labeled by the isospin content
pipi, for Kpi final states we label them by Kpi, and so on.
In Tables I-III we give the relative factors between the
graphical amplitudes for a given final state to the graph-
ical amplitudes with given isospin content. These tables
agree with the results in Ref. [4], if one takes into account
that the EWP graphical amplitudes EWT,C are defined
with a different normalization than in Ref. [4]. We use
the same definitions for PAc as in Refs. [4] and reproduce
here the results for these amplitudes for completeness.
The results for final states with two vector mesons are
identical to those for two pseudoscalar mesons.
The amplitudes of given isospin content can be ex-
pressed in terms of SCET parameters. These relations
have a similar form for PP and V V final states. For
flavor content Kpi they are given by
TKpi =−N0fK
[〈c1u〉KζBpi + 〈b1uζBpiJ 〉K] (15)
CKpi =−N0fpi
[〈c2u〉piζBK + 〈b2uζBKJ 〉pi]
PuKpi =−N0fK
[〈c4u〉KζBpi + 〈b4uζBpiJ 〉K]
P tKpi =−N0fK
[〈cp4t〉KζBpi + 〈bp4tζBpiJ 〉K]
EWTKpi =N0fpi
[〈cew2t − cew3t 〉piζBK + 〈(bew2t − bew3t )ζBKJ 〉pi]
EWCKpi =
2N0
3
fK
[〈cew1t 〉KζBpi + 〈bew1t ζBpiJ 〉K]
EWPKpi =−
N0
3
fK
[〈3 cew4t + cew1t 〉KζBpi
+〈(3 bew4t + bew1t )ζBpiJ 〉K
]
.
The results forK∗ρ are the same with changed subscripts
for the flavor content and an opposite sign between the
twoWilson coefficients [(cew2t +c
ew
3t ), (b
ew
2t +b
ew
3t )] in EW
T
Kpi.
The other channels pipi,KK¯, ρρ,K∗K¯∗ can be obtained
from this by straightforward substitutions. For simplicity
of notation we defined
〈ciu〉M1 =
∫ 1
0
duciu(u)φM1(u) , (16)
〈biuζBM2J 〉M1 =
∫ 1
0
dudzbiu(u, z)φM1(u)ζ
BM2
J (z) .
The B → V P decays can be described analogously.
For this case Bose symmetry does not constrain the quan-
tum numbers of the final state, which allows more inde-
pendent amplitudes. We define them using the conven-
tion of [16] which adds one index P or V depending on
the light meson which picks up the spectator in the B
meson. Our results are presented in Tables IV-VIII. The
graphical amplitudes can again be expressed in terms of
decay constants and B →M transition matrix elements.
We find
TPPV =−N0fP
[〈c1u〉V ζBP + 〈b1uζBPJ 〉V ] (17)
CPPV =−N0fV
[〈c2u〉V ζBP + 〈b2uζBPJ 〉V ]
PuPPV =−N0fV
[〈c4u〉V ζBP + 〈b4uζBPJ 〉V ]
P tPPV =−N0fV
[〈cp4t〉V ζBP + 〈bp4tζBPJ 〉V ]
EWTPPV =N0fV
[〈cew2t − cew3t 〉V ζBP+ 〈(bew2t − bew3t ) ζBPJ 〉V ]
EWCPPV =
2N0
3
fV
[〈cew1t 〉V ζBP + 〈bew1t ζBPJ 〉V ]
EWPPPV =−
N0
3
fV
[〈3 cew4t + cew1t 〉V ζBP
+〈(3 bew4t + bew1t )ζBPJ 〉V
]
,
where P and V denote any pseudoscalar or vec-
tor meson. The expressions for GVPV , where G =
{T,C, P,EWT , EWC , EWP } denotes any of the graphi-
cal amplitudes, can be obtained from Eq. (17) by taking
P ↔ V on the right hand side and changing the sign
between cew2t and c
ew
3t in EW
T
PV .
The relations presented in Eqs. (15) and (17) are cor-
rect to all orders in the perturbative matching calcula-
tion. Currently, the complete set of required Wilson co-
efficient are only available at tree level, and we give the
resulting relations at that order in perturbation theory.
From Eq. (6) one can see that the Wilson coefficients
ci(ωj) are independent of the arguments at tree level and
at that order we thus find the simple relations
〈ciu〉M = ciu , 〈cpit〉M = cpit , 〈cewit 〉M = cewit . (18)
The Wilson coefficients bi(ωj), given in Eq. (7), depend
5B¯ → ρpi
mode TPρpi T
V
ρpi C
P
ρpi C
V
ρpi P
(u,c,t)P
ρpi P
(u,c,t)V
ρpi PA
cP
ρpi PA
cV
ρpi EW
TP
ρpi EW
TV
ρpi EW
CP
ρpi EW
CV
ρpi EW
PP
ρpi EW
PV
ρpi
ρ+pi− 0 −1 0 0 0 −1 −1 −1 0 0 0 1 0 −1
pi+ρ− −1 0 0 0 −1 0 −1 −1 0 0 1 0 −1 0
ρ0pi0 0 0 − 1
2
−
1
2
1
2
1
2
1
2
1
2
1
2
1
2
1
4
1
4
1
2
1
2
ρ−pi0 − 1√
2
0 0 − 1√
2
−
1√
2
1√
2
0 0 0 1√
2
1√
2
1
2
√
2
−
1√
2
1√
2
pi−ρ0 0 − 1√
2
−
1√
2
0 1√
2
−
1√
2
0 0 1√
2
0 1
2
√
2
1√
2
1√
2
−
1√
2
TABLE IV: SU(2) relations for the decays B → ρpi
B¯ → KK¯∗
mode P
(u,c,t)P
KK¯∗
P
(u,c,t)V
KK¯∗
PAcPKK¯∗ PA
cV
KK¯∗ EW
CP
KK¯∗ EW
CV
KK¯∗ EW
PP
KK¯∗ EW
PV
KK¯∗
K∗−K0 0 1 0 0 0 1
2
0 1
K¯∗0K0 0 1 1 1 0 1
2
0 1
K∗−K+ 0 0 −1 −1 0 0 0 0
TABLE V: SU(2) relations for the decays B¯ → KK¯∗
B¯ → K¯K∗
mode P
(u,c,t)P
K¯K∗
P
(u,c,t)V
K¯K∗
PAcPK¯K∗ PA
cV
K¯K∗ EW
CP
K¯K∗ EW
CV
K¯K∗ EW
PP
K¯K∗ EW
PV
K¯K∗
K∗0K− 1 0 0 0 1
2
0 1 0
K∗0K¯0 1 0 1 1 1
2
0 1 0
K∗+K− 0 0 −1 −1 0 0 0 0
TABLE VI: SU(2) relations for the decays B¯ → K¯K∗
B¯ → Kρ
mode TPKρ T
V
Kρ C
P
Kρ C
V
Kρ P
(u,c,t)P
Kρ P
(u,c,t)V
Kρ PA
cP
Kρ PA
cV
Kρ EW
TP
Kρ EW
TV
Kρ EW
CP
Kρ EW
CV
Kρ EW
PP
Kρ EW
PV
Kρ
K−ρ+ 0 −1 0 0 0 −1 0 0 0 0 0 1 0 −1
K−ρ0 0 − 1√
2
−
1√
2
0 0 − 1√
2
0 0 1√
2
0 0 1√
2
0 − 1√
2
K¯0ρ− 0 0 0 0 0 1 0 0 0 0 0 1
2
0 1
K¯0ρ0 0 0 − 1√
2
0 0 1√
2
0 0 1√
2
0 0 1
2
√
2
0 1√
2
TABLE VII: SU(2) relations for the decays B → Kρ
B¯ → K∗pi
mode TPK∗pi T
V
K∗pi C
P
K∗pi C
V
K∗pi P
(u,c,t)P
K∗pi P
(u,c,t)V
K∗pi PA
cP
K∗pi PA
cV
K∗pi EW
TP
K∗pi EW
TV
K∗pi EW
CP
K∗pi EW
CV
K∗pi EW
PP
K∗pi EW
PV
K∗pi
K∗−pi+ −1 0 0 0 −1 0 0 0 0 0 1 0 −1 0
K∗−pi0 − 1√
2
0 0 − 1√
2
−
1√
2
0 0 0 0 1√
2
1√
2
0 − 1√
2
0
K¯∗0pi− 0 0 0 0 1 0 0 0 0 0 1/2 0 1 0
K¯∗0pi0 0 0 0 − 1√
2
1√
2
0 0 0 0 1√
2
1
2
√
2
0 1√
2
0
TABLE VIII: SU(2) relations for the decays B → K∗pi
on one parameter at tree level. Thus we find
〈b1uζBM2J 〉M1 =
[
C1 +
(
1+〈x−1〉M1
) C2
Nc
]
ζBM2J (19)
〈bew1t ζBM2J 〉M1 = −
3
2
[
C10 +
(
1+〈x−1〉M1
) C9
Nc
]
ζBM2J
〈b2uζBM2J 〉M1 =
[
C2 +
(
1+〈x−1〉M1
) C1
Nc
]
ζBM2J
〈bew2t ζBM2J 〉M1 = −
3
2
[
C9 +
(
1+〈x−1〉M1
) C10
Nc
]
ζBM2J
〈bew3t ζBM2J 〉M1 = −
3
2
[
C7 +
(
1−〈x−1〉M1
) C8
Nc
]
ζBM2J
〈bp4tζBM2J 〉M1 = −
[
C4 +
(
1+〈x−1〉M1
) C3
Nc
]
ζBM2J
〈bew4t ζBM2J 〉M1 =
1
2
[
C10 + (1+〈x−1〉M1)
C9
Nc
]
ζBM2J ,
and the remaining 〈bi ζBM2J 〉M1 vanish at this order. Here
〈x−1〉M ≡
∫ 1
0 dxx
−1φM (x).
Finally, we consider also the case of SU(3) symmetry,
where all the amplitude parameters for B decays to any
two mesons M1, M2 belonging to the same SU(3) multi-
plets are equal
GPP = G , GV V = G˜ , G
P
PV = G
P , GVPV = G
V . (20)
where again G = {T,C, P,EWT , EWC , EWP } denotes
any of the graphical amplitudes. The amplitudes with
6no subscripts are the amplitudes used in Refs. [3, 4, 5]
and all results presented here reproduce the well known
relations of these papers.
There is another important simplification which takes
place for the EW penguin amplitudes in limit of flavor
SU(3) symmetry. Assuming the dominance of the EWP
operators Q9,10 one can show that the EWP graphical
amplitudes are directly related to the tree level ampli-
tudes [5, 17, 18]. With the normalization adopted here,
these relations read
EW (K¯0pi−) +
√
2EW (K−pi0) =
3
2
κ+(T + C)
EW (K−pi+) + EW (K¯0pi−) =
3
4
κ−(C − T ) + 3
4
κ+(C + T ) , (21)
where EW (M1M2) ≡ EWT (M1M2) + EWC(M1M2) +
EWP (M1M2) and we have defined
κ± ≡ C9 ± C10
C1 ± C2 (22)
This gives, to all orders in matching
cew1t (ωj) =
3
4
κ−[c1u(ωj)− c2u(ωj)]
−3
4
κ+[c1u(ωj) + c2u(ωj)]
bew1t (ωj) =
3
4
κ−[b1u(ωj)− b2u(ωj)]
−3
4
κ+[b1u(ωj) + b2u(ωj)]
cew2t (ωj) = −
3
4
κ−[c1u(ωj)− c2u(ωj)]
−3
4
κ+[c1u(ωj) + c2u(ωj)]
bew2t (ωj) = −
3
4
κ−[b1u(ωj)− b2u(ωj)]
−3
4
κ+[b1u(ωj) + b2u(ωj)] (23)
These relations are satisfied by the tree level Wilson co-
efficients in Eqs. (6) and (7), but they are correct to all
orders in αs(mb).
A similar relation can be written for cew4t provided that
one makes the approximation κ+ ≃ κ− ≡ κ. Numerically
this is well satisfied, with κ+(mb) = −8.75 × 10−3 and
κ−(mb) = −9.31 × 10−3 [14]. Working in this approxi-
mation, one has [5]
EWPM1M2 = κP
u
M1M2
(24)
which gives another relation among SCET Wilson coef-
ficients
cew4t (ωi) +
1
3
cew1t (ωi) = κc4u(ωi) (25)
In conclusion, the results of our paper establish the
connection between the graphical amplitudes, often used
to parameterize nonleptonic B decay amplitudes, and the
matrix elements of SCET operators. This allows an eas-
ier interpretation of phenomenological fits to data such
as those performed in Refs. [19] in terms of nonpertur-
bative SCET parameters. Such an analysis could help
to constrain or extract the SCET parameters ζBM and
ζBMJ in a way similar to the B → pipi study done in
Ref. [13]. Although the analysis here was limited to the
leading order in the 1/mb expansion, in principle it could
be extended using the SCET expansion to include also
power corrections. Finally, the model-independent rela-
tions Eqs. (23) fix the dominant electroweak penguin am-
plitudes and provide useful checks of perturbative match-
ing computations in SCET.
Acknowledgments
We would like to thank Iain Stewart and Ira Roth-
stein for collaboration on related work and Mark Wise
for comments on the manuscript. This work was sup-
ported by the U.S. Department of Energy under Grants
DF-FC02-94ER40818 and DE-FG03-92-ER-40701.
[1] D. Zeppenfeld, Z. Phys. C 8, 77 (1981).
[2] M. J. Savage and M. B. Wise, Phys. Rev. D 39, 3346
(1989) [Erratum-ibid. D 40, 3127 (1989)].
[3] L. L. Chau, H. Y. Cheng, W. K. Sze, H. Yao and
B. Tseng, Phys. Rev. D 43, 2176 (1991) [Erratum-ibid.
D 58, 019902 (1998)];
[4] M. Gronau, O. F. Hernandez, D. London and J. L. Ros-
ner, Phys. Rev. D 50, 4529 (1994); Phys. Rev. D 52,
6374 (1995).
[5] M. Gronau, D. Pirjol and T. M. Yan, Phys. Rev. D 60,
034021 (1999).
[6] A. J. Buras and L. Silvestrini, Nucl. Phys. B 569, 3
(2000).
[7] B. Blok, M. Gronau and J. L. Rosner, Phys. Rev. Lett.
78, 3999 (1997) D. Atwood and A. Soni, Phys. Lett. B
466, 326 (1999) M. Neubert, Phys. Lett. B 424, 152
(1998).
[8] Y. Y. Keum, H. N. Li and A. I. Sanda, Phys. Rev.
D 63, 054008 (2001); C. H. Chen, Y. Y. Keum and
H. n. Li, Phys. Rev. D 64, 112002 (2001); Y. Y. Chang
and H. n. Li, arXiv:hep-ph/0308257.
[9] M. Beneke, G. Buchalla, M. Neubert and C. T. Sachra-
jda, Phys. Rev. Lett. 83, 1914 (1999); Nucl. Phys. B 606,
245 (2001); M. Beneke and M. Neubert, Nucl. Phys. B
7675, 333 (2003).
[10] C. W. Bauer, S. Fleming and M. E. Luke, Phys. Rev.
D 63, 014006 (2001); C. W. Bauer, S. Fleming, D. Pir-
jol and I. W. Stewart, Phys. Rev. D 63, 114020 (2001);
C. W. Bauer and I. W. Stewart, Phys. Lett. B 516, 134
(2001); Phys. Rev. D 65, 054022 (2002).
[11] C. W. Bauer, S. Fleming, D. Pirjol, I. Z. Rothstein and
I. W. Stewart, Phys. Rev. D 66, 014017 (2002).
[12] J. g. Chay and C. Kim, Phys. Rev. D 68, 071502 (2003);
Nucl. Phys. B 680, 302 (2004).
[13] C. W. Bauer, D. Pirjol, I. Z. Rothstein and I. W. Stewart,
arXiv:hep-ph/0401188.
[14] G. Buchalla, A.J. Buras and M.E. Lautenbacher, Rev.
Mod. Phys. 68, 1125 (1996).
[15] C. W. Bauer, D. Pirjol and I. W. Stewart, Phys. Rev. D
67, 071502 (2003).
[16] A. S. Dighe, M. Gronau and J. L. Rosner, Phys. Rev. D
57, 1783 (1998);
[17] M. Neubert and J.L. Rosner, Phys. Lett. B 441, 403
(1998); A. J. Buras and R. Fleischer, Eur. Phys. J. C 11,
93 (1999).
[18] M. Gronau, Phys. Rev. D 62, 014031 (2000).
[19] C. W. Chiang, M. Gronau, Z. Luo, J. L. Rosner
and D. A. Suprun, Phys. Rev. D 69, 034001 (2004);
(ibid) arXiv:hep-ph/0404073; A. J. Buras, R. Fleischer,
S. Recksiegel and F. Schwab, arXiv:hep-ph/0402112;
A. J. Buras, R. Fleischer, S. Recksiegel and F. Schwab,
Eur. Phys. J. C 32, 45 (2003); J. Charles et al. [CKMfit-
ter Group Collaboration], arXiv:hep-ph/0406184.
